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We prove that sufficiently large graphs with sufficiently many 'uniformly distributed' edges 
contain all small graphs as induced subgraphs. This fails to be true for k-uniform hypergraphs 
for any k I> 3. 
In~oduction 
It is easy to prove that almost all graphs G with N vertices and tr(2N), 0 < tr < 1, 
edges have the following two properties: 
(i) G contains all graphs with k.vertices as induced subgraphs, provided N is 
large enough with respect o k. 
(ii) G = (V, E) has uniformly distributed edges i.e., number of edges which 
are subsets of a sufficiently large r-element set S c V (say r - ~ I vl where y > 0) 
is approximately the same and doesn't essentially depend on the choice of 
Smi.e., is a(1 + o(1))(~), where o(1)---> 0 as Ivl  . 
We prove that property (ii) is strongermnamely every graph having the 
property (ii) has the property (i) as well. We consider various generalizations of
this fact and shall also give an answer to one related conjecture of Professor 
Erd6s---see .g. [1, 2]. Our method is based on the well-known density lemma of 
Szemerrdi [7]. 
Basic notions and notation 
For a real x denote by [x] and Ix] ÷ the integer and the upper integer part of x. 
Let G = (V, E) be a graph and A,B be the disjoint nonempty subsets of V. The 
following notions were introduced by Szemerrdi: The density of edges between A
and B is 
e(A, B) 
d(A, B)=-~I . IB (, 
where e(A, B) denotes the number of edges with one endpoint in A and the 
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second in B. If A = {a} is a singleton then we shall write d(a, B) instead of 
d({a}, B}. The pair (A, B) of disjoint nonempty subsets of V is called e-regular if
X ~ A, Y ~_ A, IX[ ~> e Iml, IYI 1> e Inl imply 
Id(X, Y) - d(m, B){ < e, 
otherwise the pair is called e-irregular. A partition of a vertex set V into the 
pairwise disjoint classes Co, C~, . . . ,  Ck is called e-regular if: 
(i) all the C{s with 1 < i < k have the same cardinality; 
(ii) [Col ~< e IVI; 
(iii) at most ~(~) pairs (C/, C/), 1 ~- i <]  ~< k are e-irregular. 
We shall use the following remarkable theorem. 
Theorem 0 ([7]). For every positive real e, and every positive integer m, there exist 
positive integers N = N(e, m) and M = M(e, m) with the following property: For 
every graph G with at least N vertices there is an e-regular partition of G into t + 1 
classes, such that m < t < M. 
For a set A let d(A) denote the edge density on A, i.e., 
[E n [A]2 I d(A)- , 
where [A] 2 is a set of all two-element subsets of A. 
Results 
First we introduce the following: 
Definition 1. We say that the graph G = (V, E) has the property (y, 6, o) if the 
number of edges of each subgraph induced on a set S with ~>y Ivl vertices is 
exceeding (a -  6)(Isl) and smaller than (a + 6)(Isl). 
To simplify the fomulation we shall always suppose that y, 6, a, e, fl, ek are 
positive reals smaller than 1. The aim of our paper is to prove the following two 
theorems. 
Theorem 1. For every positive integer k and every o and 6 such that 6 < o < 1 - 6 
there exists y and positive integer No such that every graph G with at least No 
vertices which has the property (y, 6, a) contains all graphs with k vertices as 
induced subgraphs. 
Note that this theorem yields an easy proof (see [5]) of the following 
generalizations of a Ramsey theorem first proved in [2], [4], and [6]. 
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Theorem. For every finite graph C there exists finite graph H such that for any 
partition E(H) = E1 tO E2 of edges of H there is an induced subgraph C' = (V', E') 
of H isomorphic to C such that either E' c E~ or E' c E2. 
The second theorem we shall prove here is connected with the following 
conjecture: Erd6s had asked whether for given k there exists 6 > 0 such that any 
sufficiently large graph having a property (½, 6, ½) contains Kk as a subgraph (see 
e.g. [1] or [3]). We answer this question affmnatively in the following stronger 
way: 
Theorem 2. For every positive integer k, for every a and y there existg 6 and 
positive integer N~ such that every graph G with at least Nx vertices which has the 
property (y, 6, tr), contains all graphs with k vertices as induced subgraphs. 
The proof of both theorems is based on the subsequent Lemma 1. First we give 
the following: 
Definition 2. We say that the graph G has a property [k, l, fl, e] (here 0 </3 < ½) 
if its vertex set can be partitioned into k pairwise disjoint sets BI, BE , . . . ,  Bk Of 
the same cardinality l, so that all the pairs (Bi, Bj) are e-regular and d(Bi, Bj) e 
(fl, 1 - f l )  for all 1 <-i <j<-k. 
Lemma 1. Let 0 < fl < ½ and a positive integer k be given. Then there exists 
ek = e(k, fl) > 0 and lk = l(k, fl) so that every graph with the property [k, l, fl, ek], 
l >>- Ik contains all graphs with k vertices as induced subgraphs. 
In the proof we shall use the following simple proposition. 
Proposition. Let G be a graph. Let (A, B) be an e-regular pair of subsets of 
V(G), e > O. Put d(A, B) = p. Then 
I(a: a e A and p - e < d(a, B) < p + e}[/> (1 - 2e) IAI. 
Proof. Suppose that there are at least e [A I vertices a l , . . . ,  a reA  which are 
joined to more than (p + e)Inl (less than (p -  e)Inl) vertices of B. Thus 
d({ax, az , . . . ,  a~}, B) > p + e (d({al, a2, . . . ,  a~}, B) < p - e) 
and hence (A, B) is e-irregular. [] 
Now we shall prove the Lemma I by induction on k (for all fl). For k = 1 is the 
statement trivial, for k = 2 it suffices to put e2 = e2(2, fl) = fl and 12 = l(2, fl) = [1/ 
e2] + (as we have clearly 0 < d(B1, BE) < 1 there exist vertices b~, bE e B1 and b~, 
bE e BE such that {b~, b~} e E(G) and {b~, bE} ~ E(G)). 
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Given k + 1 and/3, 0 </3 < ½ set, 
and 
where 
1} 
ek+l= e(k + 1, /3)=min 2(k 1) '  ~/3ek 
lk+ 1 -" l(k + 1,/3) = max 2 , k + 1 , 
ek = e(k, ½/3) and lk = l(k, ½/3) 
Consider now the graph G having a property [k + 1, 1,/3, 8k+1] , l >i lk+ 1. Let the 
graph H with the vertex set {x~, x2 , . .  •, Xk÷l} be given. We shall prove that H is 
isomorphic to an induced subgraph of G. Take the sets B1, BE, • • . ,  Bk+l with the 
property of Definition 2. Choose a vertex bk+~ • Bk+l such that 
d(Bk+x, B j ) -  ek+ 1 <d(bk+l, Bi)<d(Bk+x, Bj) + ek+,, (1) 
for all ] e {1, 2 , . . . ,  k}. Such a vertex exists by virtue of Proposition as 
( 2k ) 
(1-- 2kek+1)lk+11> 1 2 (k+l )  (k+l )= l  
For all j e {1, 2 , . . . ,  k} choose now sets/~j ~ Bj with the following properties: 
(i) I~jl = [½/3l] + >~ lk 
(ii) If {xp Xk+l} e E(H),  then {b, bk+l} e E(G) for an b e Bj. 
If {xp Xk+l} ~ E(H), then {b, bk+l} ¢ E(G) for b e/~j. 
Such sets exist as because of (1) there are >.--(d(Bk+l, Bj)-ek+Ol>..-(/3 - 
2ek+l)l >I (/3 --/3ek)l >I ½/31 vertices of Bj, j = 1, 2 , . . . ,  k which are joined to bk+l. 
Similarly, there are at least (1 - d(Bk+l, Bj) - ek+l)l >- (1 --/3 -- 2ek+l)l >I (1 -- 
/3 --/3ek)l >I ½fit vertices of B i, j = 1, 2 , . . . ,  k that are not joined to bk+l. 
Fix a pair i, j; 1 ~< i < j  <~ k and take X/~- ni, Xj C nj with Ix/I I> ~k IB, I, 
Ixjl I-- ~k I~jl. we  have 
min(lX/I, IXA)/> e,, IB, I = ek IBjl ~> 2ek.l [½~11+ >1 e~+l, 
As all pairs (Bi, Bj) are ek+l regular we have 
Id(X,, Xj) - d(B,, Bj)I-< Id(X. Xj) - d(n,, Bj)I + Id(B,, g )  - d(B,, Bj)I 
< 2Ek+ 1 < E k 
and hence all pairs (/~i,/~j) are ek-regular. Thus according to the induction 
assumption there exist vertices bl, b2, • • •, bk, bj e Bj, ] = 1, 2 , . . . ,  k such that 
{xi, xi} e E(H) iff {bi, b i} e E(G). The subgraph of G induced on the set 
{bl, b2, • . . ,  bk+l} is clearly isomorphic to H. [] 
We shall now prove Theorem 1. Set 61 = max{o + 6 - ½, ½ - o + 6}. We have 
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clearly 0< 6 < ½. Moreover if G has property (y, 8, a) then it has property 
(y, 61,½) also. (As O<½-6~<-1- (1 -a+6)=a-6=½+(a+6-½)<~½+ 
61 < 1.) Thus it suffices to prove Theorem 1 for a = ½ and k, 6 (8 < ½) arbitrary. 
Suppose now that k and 6 (0 < 6 < 1) are given; without loss of generality we may 
suppose that k >i 3//3, where/3 = ½ - 8. Put 
1 , ek(k, ½/3)} e = rain ~(k ,  k, k )  
where ek(k, ½3) is the number from Lemma and ~(k, k, k) is the minimal integer 
j such that for any 3-coloration of edges of the complete graph Kj there exists a 
monochromatic complete subgraph of size k. 
Set m = ~(k,  k, k) and for e and m take N and M from Theorem 0. Consider a 
graph G = (V, E) having the property (y, 6, a) and at least No = max{N, Mlk/(1 - 
e)} vertices, where Ik--l(k, ½fl) is the number from Lemma 1. Set further 
y = k(1 - e)/M. Let V = Co t.J C1 t.J • • • (3 Ct be an e-regular partition of the 
graph G (m < t < M). Consider the graph F with vertex set {1, 2 , . . . ,  t} and with 
i and j joined by an edge iff the pair (Ci, Cj) is e-regular. It follows from the 
well-known Tur~in's theorem [8] and the e-regularity of the partition that there 
are sets Csl, Cs2, . . . ,  C~, such that (Cs,, C~j) is e-regular for all 1 ~< i < j  <~ m. 
Define now the partition T~ tA T2 t_J T3 = [{1, 2 , . . . ,  m}] 2 as follows 
(i, j} e 7"1 iff d(C,v C,,) <~ ½fl, 
{i,j} e T2 iff fl/2<d(C,,, C,,) < 1-½/3, (2) 
{i, j} e I"3 iff d(Q,, Qj) I> 1 - ½/3. 
From the definition of the number ~(k, k, k) it follows the existence of the set 
J with [J[ = k and [j]2 ~_ T~ for some i • {1, 2, 3}. Suppose that either [j]2 ~_ T~ or 
[j]2 c T3. Then the edge density of the graph G' induced on a set Uj~J Q is either 
<~ (k)n21/3 + (~)k 1 <1 (?) <1/3 
or (3) 
(~nZ(1 -½fl) 
(?) 
1 1 
> 1-½f l -~>~+ 6. 
This follows from k >I 3/fl as 
½/3 + 6 + + 6 = 6-½ <½. 
Further we have 
Iv(o')l Iv(c)l (1 - e)  = y Iv(c)l. 
This together with (3) contradicts the fact that G has a property (y, 6, ½). Thus 
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[j]2 _ Tz and (2) therefore implies (because of choice of No and ek) that the graph 
G' has the property [k, l, lfl, ek], l >~ lk. Hence, by virtue of Lemma 1, G' 
contains all graphs with k vertices as induced subgraphs. [] 
Now, we shall prove Theorem 2. Suppose that k, cr and 7 are given. As we can 
consider the complements of all graphs which come into question we can suppose 
tr <~ ½ without loss of generality. Suppose that k is large enough to satisfy 
4 4 3 } 
k>max t r '4 -7o '  1 - ) ,  " 
Set m = k 
{~ 1 1 a ~2} 6 = min  a - 1 - 70  - (1 - -  e )  2 
?n ~ rn~24 
(4) 
(5) 
(6) 
and 
where M = M(e, m), N=N(e ,  m) are defined in Theorem 0 and e(k, ½o) and 
l(k, ½tr) are the numbers from Lemma. Note moreover, that because of (4) e > 0 
and 6 > 0. 
Consider a graph G = (V, E) with N i> N1 vertices, having a property (~,, 6, tr). 
Let V = Co O (21 U- • • U Ct be an e-regular partition of this graph, t I> m and set 
Ic l l  = Ic l =...-Ic, I = n. 
We prove that 
½o cl(C,, Q) 1-½o for any 1 <~i <]<~t. (8) 
Note that (8) implies the statement of the Theorem 2 as by virtue of 
e-regularity of the partition V = Co U C1 U- • • U Ct we can find (similarly as in the 
proof of Theorem 1) using the Theorem of Tur~in [8] m sets Cs,, Cs z, • . . ,  C,, so 
that all the pairs ( C~,, C~), 1 <- i < ] <~ m are e-regular. As 
N I (1 -  e) 
JC~'l >I M >t l(k, ½tr) and e ~< e(k, ½a), 
we can apply Lemma 1 to find any graph with k vertices as an induced subgraph. 
In the rest of the proof we shall therefore prove (8): First we prove 
le(C1, C2) - e(Q, C3)I < 3 6N 2 
Denote by e(Ci) the number of edges of the subgraph of G induced on the set Ci 
and for a pair of disjoint sets of vertices A, B set 
f (A,  B )=e(A)  +e(A, B). 
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Set X = C4 t_J C5 t.J.., t_J C,. Then 
f(C2, X) + e(X) f(C3, X) + e(X) ((t ?n) ((t ?n) <26. 
(9) follows as 
7N <~ ( I -3 ) (1 -  e)N my <(t-2)n (e~<l m~3). 
Similarly we have 
f(¢,  X) + e(X) f(Q, X) + f(C2, X) + e(X) + e(C1, C2) (,t?,n) <26 
and thus, if we put 
f(Cl, X) -[- e(X) 
P l j  -"  
f(Q, X) + f(Q, X) + e(X) 
we have 
((t 22)n) ((t 21)n) 
for j = 2, 3 
((t 21)n)(p12 - 26)<e(C1, C2)< ((t 21)n)(P12 + 26). 
Analogously, we get 
((t--21)n)(p13.26) < e(C1, C3)< ((t-21)n)(p13 +26). 
It follows from (9) that 
b912--P131 = 
f(C2, X) - f(C3, X) <26 
(9) 
(10) 
(11) 
(12) 
and thus combining (10), (11), and (12) we get 
[e(C1, C2) - e(C1, C3)[ < 66((t 21)n) < 36N2. 
Analogously, we can prove 
le(C,, Q)-e(Q, Q')I <36N2 
for any triple i, j, j 'e  {1, 2, . . . ,  t} and hence 
le(C,, Q) - e(Cr, C/,)l < 66N 2 
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holds for any i, j, i', j ' e  {1, 2 , . . . ,  t}. Thus 
Id(Ci, Cj ) -  d(Cr, G,)I <66~-~<66 
M 2 
(1 - e) 2 
(for the last inequality, c.f. (6)). 
Set W = L.A~=I Ci. As Iwl >I r IvI (c.f. 1 - my/(m - 3) which follows from 
(5)), we have 
cr - 6 < d(W) < cr + & (13) 
Suppose now that there are io, j0, 1 ~< io <jo ~< t with either d(Cio, Cjo)> 1 -  ½a or 
d(Cio, G0) < ½o. Then either 
d(Ci, C j )> l -3o  fo ra l l l<- i< j<~t  
or  
As 
d(Ci, G)<-340 for all l <~i<j<~t. 
n2 ~l~i<i~,d(Ci, G) 
we have either 
<<- 
or  
d(W)> 
n2(~) (1 -~a)  1 
> l -~a- -~>o+6 (tn) 
2 
2 t ~ + 
d(W)< <3a+-<~0-6 .  
(14) 
(15) 
This follows from (6). Both (14) and (15) contradict o (13) and thus (8) is 
proved. [] 
Remarks. Let us mention that if G is a graph on N points satisfying the 
hypothesis of Theorem 1 or Theorem 2, one can show that for every graph G* on 
k vertices there are at least C(~) induced subgraphs of G (rather than just one) 
which are isomorphic to G*. (Here c = c(y, ~t, a) is a constant independent of 
N). This follows from the proof of Lemma 1. 
On the other hand, the following shows that both Theorem 1 and Theorem 2 
are in some sense 'best possible'. 
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Proposition. Suppose 0 < y < 1, 0 < 6 < ½ and 0 < o < 1, then there exists a 
positive integer k = k(a, y, e) such that if N is sufficiently large there exists a graph 
G~v with N vertices having the property (y, 6, o) but not containing Kk+a. 
Proof. We may assume without loss of generality that 1/y and o/6 are integers. 
Set k = 2tr/y6. Take sets (71, C2,. .  •, Ck of (large) cardinality C/= [(N - i + 1)/ 
k] + and join two vertices c e Ci, c 'e  Cj with probability cr if i~ j  and with 
probability 0 if i =j .  Simple counting shows that almost all graphs (as N--~ o0) of 
this type have the property (y, 6, (i) and none of them contains Kk+~. 
Note on hypergraphs 
Note that the above considerations fail to be true completely for the case of 
hypergraphs. 
Theorem. For every e >0 there exists 3-uniform hypergraph C with n >-no(e) 
vertices (v l , . . . ,  v~} such that for any M c {v l , . . . ,  v,}, IMI-- m >i en the 
subgraph of C induced on M has more than ½('~)(1 - e) and less than ½(~')(1 + e) 
edges (triples). On the other hand, C does not contain a complete 3-graph K3(4) 
with 4 vertices a 4 triples. 
Sketch of the Proof. For each vertex vi, i ~< n -2  consider a partition of a set 
V/= {V i+ l , . . . ,  v,,} into two parts V/IO V 2. Define a graph C=C({(V  1, V2), 
i = 1, 2 , . . . ,  n - 2}) as follows: 
v(c )  = . . . , v ,} ,  
n-1  
E(C)=CJ{{v , ,v j ,  vk};Vj~VI and Vk~V2}. 
i=1 
Let G be the set of all 3-graphs of the above form. (Then clearly [G[ = 
2n-12 n-2. .  • 2 = 2(I).) Obviously, none of the members of G contain K3(4). On 
the other hand, easy computation yields that (if n >t no(e)) almost all C e G have 
the first property. 
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